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Intermediate Inflation in the Jordan-Brans-Dicke Theory
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We present an intermediate inflationary stage in a Jordan-Brans-Dicke theory. In this
scenario we analyze the quantum fluctuations corresponding to adiabatic and isocurvature
modes. The model is compared to that described by using the intermediate model in Einstein
General Relativity theory. We assess the status of this model in light of the WMAP7 data.
I. INTRODUCTION
The inflationary paradigm [1, 2] has been confirmed as the most successful candidate for ex-
plaining the physics of the very early universe [3]. This sort of scenarios solves some of the puzzles
of the standard cosmological model, such as the horizon, flatness and entropy problems, as well as
providing for a mechanism to seed structures in the universe.
We study a particular scenario called intermediate inflation [4], characterized for the scale
factor evolving as a(t) = a0 exp(At
f ). In this model, the expansion of the universe is slower than
standard de Sitter inflation (a(t) = exp(Ht)), but faster than power law inflation (a(t) = tp, p > 1).
The intermediate inflationary model was first introduced as an exact solution corresponding to a
particular scalar field potential of the type V (φ) ∝ φ−4(f−1−1) in the slow-roll approximation,
where 0 < f < 1.
On the other hand, there has been carried out a less standard theory of gravity, namely scalar-
tensor theory of gravity [5, 6]. The archetypical theory associated with scalar-tensor models is
Jordan-Brans-Dicke [5]. The JBD theory is a class of model in which the effective gravitational
coupling evolves with time. The strength of this coupling is determined by a scalar field, the so-
called JBD field, which tends to the value G−1. In modern context, JBD theory appears naturally
in supergravity models, Kaluza-Klein theories and in all known effective string actions [7].
We present an intermediate inflationary universe model in a JBD theory. We will write the
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2Friedmann field equations, together with the corresponding scalar field equations. The intermediate
inflationary period of inflation will be consistently described in the slow-roll approximation. Scalar
and tensor perturbations will be expressed in terms of the parameters that appear in our model
and these parameters will be constrained by taking into account the WMAP seven year data [8].
II. BACKGROUND EQUATIONS IN THE EINSTEIN FRAME
A wide class of non-Einstein gravity models can be recast in the action [9]:
S =
∫ √−gd4x [ 1
2κ2
R+
1
2
gµν∂µχ∂νχ+
1
2
e−γκχgµν∂µφ∂νφ− e−βκχV (φ)
]
, (1)
where R is the Ricci scalar, κ2 = 8πG, β and γ are constants, χ and φ are the dilaton and inflaton
fields, respectively. We have considered c = 1 and the JBD theory is recovered for β = 2γ.
We consider a flat Friedmann-Robertson-Walker (FRW) metric in order to obtain the field
equations from the action (1). These equations in the slow-roll regime are given by [10]:
3Hχ˙− βκe−βκχV (φ) = 0, 3Hφ˙+ e(γ−β)κχV ′(φ) = 0, 3H2 − κ2e−βκχV (φ) = 0. (2)
By choosing the ansatz V (φ) = V0φ
n in the Jordan-Brans-Dicke theory we can find a solution
to the set of Eqs.(2):
χ =
β
κ
ln
(
a
ab
)
+ χb, a(t) = ab
(
1 + A
p
tf
1 + A
p
t
f
b
)p
and φ(t) =
(
8
√
V0(1− f)t√
3κf2
) f
2
(3)
where the subscript b denotes values at the beginning of the inflationary epoch, p ≡ 2
β2
, f ≡ 44−n
and A is an integration constant.
We note that the scale factor in Eq.(3) is a generalization of the scale factor corresponding to
intermediate inflation in the Einstein theory [4], in the case p → ∞ we recover a(t) ∝ eAtf . The
authors of Ref.[11] found the same form for a(t) when they first studied a cosmological model in a
JBD theory, named extended inflation.
Observational measurements [12, 13] constraint the parameters γ and β to be very small in
the JBD theory. Furthermore, the field χ remains very close to a constant after inflation, in
the radiation and matter domination eras [5]. In order to recover the value of the newtonian
gravitational constant after inflation we will consider χ equals to zero at the end of inflation.
It is well known that an intermediate stage of inflation needs an additional mechanism to bring
inflation to an end [14]. We will consider that this mechanism starts after NT e-folds since the
beginning of inflation. We normalize χ in such a way that after NT e-folds the value of the field χ
becomes zero, therefore χb = −βκNT . We assume that the value of χ remains zero after that time.
3III. LINEAR ORDER SCALAR PERTURBATIONS
We analyze the cosmological scalar perturbations in the longitudinal gauge [15]. The perturbed
Einstein field equations in the slow-roll regime and for non-decreasing adiabatic and isocurvature
modes on large scales k ≪ aH are given by [10]:
Φ =
κ2
2H
(
χ˙δχ+ e−γκχφ˙δφ
)
=
βκ
2
δχ− V
′(φ)
2V (φ)
δφ, (4)
3H ˙δχ+ (βκ)2e−βκχV (φ)δχ − βκe−βκχV ′(φ)δφ = 2βκe−βκχV (φ)Φ, (5)
3H ˙δφ+ e(γ−β)κχV ′′(φ)δφ + (γ − β)κV ′(φ)e(γ−β)κχδχ = −2e(γ−β)κχV ′(φ)Φ. (6)
The authors in Ref.[16, 17] have found the solution to the set of Eqs.(4)-(6) to be:
δχ
χ˙
=
C1
H
− C3
H
,
δφ
φ˙
=
C1
H
+
C3
H
(e−γκχ − 1), (7)
Φ = −C1 H˙
H2
+ C3
(
(1− eγκχ)
2κ2
(
V ′(φ)
V (φ)
)2
− β
2
2
)
, (8)
where C1 and C3 are two integration constants related with the initial values of δφ, δχ, φ and χ.
The terms proportional to C1 and C3 represent adiabatic and isocurvature modes, respectively[9].
The isocurvature nature of the term proportional to C3 is guaranteed by the fact that the second
term in Eq.(8) is vanishingly small after inflation when χ(t) ≈ 0.
In order to get the spectrum of scalar perturbations [18] we calculate the comoving curvature
perturbation, R, which in this case turns to be [10]:
R = C1 − C3W, with W = 1−
(
eγκχ(t) + β2κ2
(
V (φ)
V ′(φ)
)2)−1
(9)
As we see from Eq.(9), the term W is responsible for the change of R during the inflationary
stage. For intermediate inflation in a JBD theory we can calculate W for the chosen potential [10]:
W (N) = 1 +
e
NT β
2
2 (1− f)(2− β2)
2f − β2 − eNβ
2
2 (2− β2)
. (10)
Here we have used the number of e-folds N to describe time evolution because it is more convenient
in the subsequent analysis. We note that the case β = 0 corresponds to W = 0, which is expected
because for β = 0 there is only one scalar field driving inflation, and consequently the comoving
curvature perturbation R remains constant on large scales [15].
The current observational constraints bring β to an upper limit given by β ≤ 0.02 [13]. There
exist a wide range of NT for which we can find values for β and f in the allowed ranges in such a
way that |W | < 0.1. For example, for β = 0.01, f = 0.8 and NT ≤ 250 we get |W | < 0.05.
4Given that the constants C1 and C3 are related to the initial values of the perturbed fields it
is expected they have to be of the same order [9], then to impose |W | < 0.1 guarantees that the
variation of R during inflation due to the presence of isocurvature perturbations is small, i.e. for
a given β and f we can find a maximum NT value for which |W | < desired value.
In the following we will consider that R remains constant after a given scale k leaves the Hubble
horizon during inflation. Furthermore, we will assume that the mechanism to finish inflation does
not modify this result.
In Ref.[10] it is showed that the error in consider the slow-roll approximation instead of the
exact solution in calculating R is very small.
IV. SPECTRUM OF CURVATURE AND TENSOR PERTURBATIONS
The spectrum of the comoving curvature perturbation R is given by [10]:
PR(k∗) =
4πk3∗
(2π)3
〈|C1|2〉 =
[
H2e2γκχ
(2π)2
((
e−γκχ − 1)2 H2
χ˙2
+
H2eγκχ
φ˙2
)]
t∗
. (11)
where the expectation values of the scalar field perturbations δφ and δχ are given by random
gaussian variables when they cross outside the Hubble radius (k ≈ a∗H∗) [15].
We note that the presence of a second scalar field during inflation modifies the form of the
standard spectrum [9], the standard form is recovered when we take the limit γ → 0.
The scale dependence of the spectrum is characterized by the spectral index ns(k) whereas the
scale dependence of the spectral index is given by the running αs [19], in our model we have:
ns(k∗) ≡ 1 + d lnPR
d ln k
= 1− 4ǫ+ η + β
2
2
Z1, (12)
αs(k∗) ≡ dns
d ln k
= −8ǫ2 + 5ǫη − ξ2 + β
4
4
Z2, (13)
where ǫ and η are the standard slow-roll parameters and ξ2, Z1, Z2 are functions of these parameters
defined in Ref.[10]. Eqs.(12)-(13) reduce to the result in the Einstein theory when β → 0 [14].
In addition to the scalar curvature perturbations, tensor perturbations can also be generated
from quantum fluctuations during inflation [15]. The tensor perturbations do not couple to matter
and consequently they are only determined by the dynamics of the background metric, so the
standard results for the evolution of tensor perturbations of the metric remains valid. The two
independent polarizations evolve like minimally coupled massless fields with spectrum [15]:
PT (k∗) = 8κ
2
(
H
2π
)2
t∗
. (14)
5From Eq.(11) and Eq.(14) we can determine the tensor to scalar ratio r:
r(k∗) =
PT
PR
= 8κ2
[
e2γκχ
((
e−γκχ − 1)2 H2
χ˙2
+
H2eγκχ
φ˙2
)]−1
t∗
, (15)
FIG. 1: Trajectories for different values of the parameter β and f in the ns − r plane. We compare with
the WMAP data (five and seven years). The two contours correspond to the 68% and 95% CL [8]. The left
panel shows NT = 250 e-folds for β = 0.01 whereas the right panel is for NT = 60 e-folds for β = 0.02.
FIG. 1 shows the dependence of the tensor to scalar ratio on the spectral index for different
values of the parameters β, f and the corresponding maximum NT . For β ≤ 0.001 there is not
significant difference with the case of intermediate inflation in the Einstein theory [14].
For β = 0.01, 0.4 ≤ f < 0.8 is well supported by the data. But there exist a theoretical limit
for the model in the maximum number of e-folds of inflation allowed (represented by the yellow
line in the left panel of FIG. 1), NT ≤ 250.
In the case β = 0.02, the maximum value for β constrained from tests of general relativity [12,
13], we can have at most 60 e-folds of inflation in order to have a comoving curvature perturbation
close to a constant. This constraint in the number of e-folds exclude f = 0.4 to be supported by
the data but it still allow 0.5 ≤ f < 0.8 to be well supported.
We see from FIG. 1 that the curve r = r(ns) enters the 95% confidence region for r ≤ 0.41
which in terms of the number of e-folds (at the time when a given scale leaves the horizon) means
N > 78 for f = 0.4, N > 48 for f = 0.5, N > 29 for f = 0.6 and N > 16 for f = 0.7. There are
not significant differences for the values of β considered in FIG. 1. On the other hand, we have to
6consider at least 50 e-folds of inflation to push the perturbations to observable scales [19], which
seems to exclude models for β = 0.02 and f < 0.7.
V. CONCLUSION
We have studied in detail the intermediate inflationary scenario in the context of a JBD theory.
This study was realized in the Einstein frame, but the physical results have to be interpreted in
the Jordan physical frame. In this respect, it has been considered that both frames are equivalent,
providing that the JBD field varies extremely slowly in the post-inflationary stage of the universe
[9]. In this way, the adiabatic fluctuations and the tensor perturbations are described equally in
both frames. This allows to obtain explicit expressions for the corresponding power spectrum of
the curvature perturbations PR, tensor perturbation PT , tensor-scalar ratio r, scalar spectral index
ns, and its running αs.
In this work the aim has been to study which set of parameters β, f and NT allow us to get
a dominant contribution of the adiabatic mode to the power spectrum of scalar perturbations. In
order to do that we have restricted the maximum number of e-folds allowed by the model, NT , for
a given set of parameters β and f . For a given value of β and 0 < f < 1 we get R ≈ C1 constant
for a specific value of NT provided the desired precision. On the other hand, we have restricted
ourselves to β ≤ 0.02 in light of the previous observational constraints on β [12, 13].
We had checked numerically that the slow-roll approximation is adequated, even to the analysis
of first order perturbations, this is valid for the range of parameters considered in this work [10].
In order to bring some explicit results we have taken the constraint in the ns − r plane coming
from the seven-year WMAP data. We have found that the parameter f , which initially lies in the
range 0 < f < 1 for this model, is well supported by the data as could be seen from FIG.1.
On the other hand we have to consider at least 50 e-folds of inflation to push the perturbations
to observable scales [19], which seems to exclude models for β = 0.02 and f < 0.7. Thus, we see
that our study has allowed us to put restrictions on the parameters that appear in our model by
comparing to the WMAP7 results in terms of ns − r plane. We have not considered in this work
the incidence of the running of the spectral index in the constraints of the model.
Finally in this work, we have not addressed the phenomena of reheating and possible transition
to the standard cosmological scenario. A possible calculation for the reheating temperature would
give new constraints on the parameters of our model. We hope to return to this point in the future.
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